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Abstract 

We consider the free non-commutative analogue <£>*, introduced by D. Voiculescu, 
of the concept of Fisher information for random variables. We determine the minimal 
possible value of 3>*(a, a*), if a is a non-commutative random variable subject to the 
constraint that the distribution of a*a is prescribed. More generally, we obtain the 
minimal possible value of $*( {cLij,a*j\i<i.j<d ), if { a ij}i<id<d is a family of non- 
commutative random variables such that the distribution of A* A is prescribed, where 
A is the matrix (ay)f J -_ 1 . The d x ^-generalization is obtained from the case d — 1 via 
a result of independent interest, concerning the minimal value of a>ij}i<i,j<d) 
when the matrix A = {ctij)fj=i and its adjoint have a given joint distribution. (A 
version of this result describes the minimal value of $* {{bij}i<i,j<d) when the matrix 
B = (bij)f j-i is selfadjoint and has a given distribution.) 

We then show how the minimization results obtained for $* lead to maximization 
results concerning the free entropy x*> also defined by Voiculescu. 
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1. Introduction 



In this paper we determine the minimal possible value of the free Fisher information 
$*(o, a*), if a is a non-commutative random variable subject to the constraint that the 
distribution of a*a is prescribed. More generally, we obtain the minimal possible value of 
$*( {a,ij, a*j}i<i,j<d )j if {a-ij}i<i,j<d is a family of non-commutative random variables such 
that the distribution of A* A is prescribed, where A is the matrix (a,ij)fj =1 . The d x d- 
generalization is obtained via a result of independent interest on the minimal free Fisher 
information of a family of matrix entries, when the distribution/ *-distribution of the matrix 
itself is given. 

The framework we will consider is the one of a VF*-probability space (A,<p), with tp a 
faithful trace (i.e. - A is a VF*-algebra, and (p : A — > C is a normal faithful trace-state). 
An element a E A will be referred to as a "non-commutative random variable", and <p(a) 
will be called "the expectation of a" . If a = a* £ A, then the unique probability measure 
with compact support p, on R which has J^° 00 t n dp{t) = (p(a n ), Vra > 0, is called the 
distribution of a. An element a = a* S A is said to be semicircular of radius r > if its 
distribution is absolutely continuous with respect to the Lebesgue measure, with density 
pit) = 2(irr 2 )~ 1 Vr 2 — t 2 on [— r, r]. 

A fundamental concept used throughout the paper is the one of freeness for a family of 
subsets of A. For the definition and basic properties of freeness, we refer the reader to |J, 
Chapter 2. 

The free analogues of entropy and of Fisher information for random variables were 
introduced and studied in a series of papers of D. Voiculescu (@] - ||), in connection 
to the isomorphism problem for the von Neumann algebras associated to free groups. Free 
analogues for some well-known inequalities concerning the Fisher information were obtained 
in this way. In particular, one has a "free Cramer-Rao inequality", which says the following: 
if (x\, . . . , x n ) is an n-tuple of selfadjoint elements of A such that the total variance <p{x\ + 
• • • + is prescribed, then the free Fisher information . . . , x n ) is minimized when 

the Xj's are semicircular of equal radii, and free (see Q, Proposition 6.9). In the particular 
case n = 2, if one sets a := x\ + 1x2 and works with a, a* instead of xi,X2, then the free 
Cramer-Rao inequality can also be formulated like this: let a be a non-commutative random 
variable, such that the expectation of a* a is prescribed; then the free Fisher information 
<&*(a, a*) is minimized when a is a circular element (which means, by definition, that the 
real and imaginary part of a are free and have semicircular distributions of equal radii). 

In the present paper we examine a similar minimization problem, where not only the 
expectation, but the whole distribution (i.e. the moments of all orders) of a* a are prescribed. 
More precisely: given a probability measure v with compact support on [0, 00), what can 
be said about 

inf{<I>*(a, a*) | a*a has distribution v\ ? (1-1) 

One cannot of course hope to have the infimum in (1.1) achieved by a circular element; this 
is simply because, given v as in (1.1), there does not exist in general a circular element a 
such that a*a has distribution v. (In fact: if a is circular, then the distribution of a*a can 
only be of the form 2(a7r) _1 y(a — Tjjtdt on [0, a] for some a > - see Q, Section 5.1.) 

A remarkable family of relatives of the circular element is provided by the so-called 
"i?-diagonal elements", introduced in Q. There are several possible descriptions for the 
fact that an element a £ .A is i?-diagonal. The one taken as starting point in Q is that the 
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i?-transform - i.e. free analogue for the log of the Fourier transform - of the pair (a, a*) 
has a special form, which is in a certain sense "diagonal" ; this is in fact where the name of 
"R- diagonal" comes from. In the present paper we will use an equivalent characterization 
of i?-diagonality, described as follows: a is i?-diagonal if and only if the *-distribution of 
a (i.e. the family of expectations of words in a and a*) coincides with the *-distribution 
of an element of the form up, where u is a unitary distributed according to the Haar 
measure on the circle, p = p* , and {u,u*} is free from {p}. The equivalence between the 
two characterizations of an i?-diagonal element is shown in pj. The circular element is 
-R-diagonal, e.g. because its polar decomposition is known to be of the form up, with u 
Haar unitary such that {u, u*} is free from {p} (see [||, Section 5.1). 

Now, given a probability measure v, with compact support on [0, oo), there always 
exists an ^-diagonal element a such that a* a has distribution v. This a is "unique up to 
isomorphism", in the sense that the *-distribution of a is completely determined (which 
in turn determines the unital W*-algebra generated by a); see Remark 3.3 below. The 
result we obtain is that the i?-diagonal element attains the infimum considered in (1.1). 
Moreover, finding the actual value of the infimum is reduced to the calculation of a free 
Fisher information $*(//), where /i is a symmetric distribution naturally associated to v; 
and for 3>*(/x) one can use an explicit formula established in [Q]. To summarize, we have: 

1.1 Theorem. Let v be a probability measure with compact support on [0, oo). Let p 
be the symmetric probability measure on R determined by the fact that p(S) = v(S 2 ) for 
every symmetric Borel set 5CR. Then 



and the minimum is attained when a is i?-diagonal. If in particular u is absolutely contin- 
uous, with density p, then the quantities in (1.2) equal: 



The facts stated in Theorem 1.1 are discussed in more detail (and proved) in the Section 
3 of the paper. 

A natural question which arises in connection to Theorem 1.1 is the following: if the 
minimum discussed in the theorem is finite, is it also possible to reach it as &*(a, a*) for an 
element a which is not i?-diagonal? Up to present we were not able to settle this problem. 
What we can show is its (non-trivial) equivalence to another problem, also open, of deciding 
if a certain freeness condition is implied by the equality of two free Fisher informations with 
respect to subalgebras; see Sections 3.10, 3.11 below. 

It is interesting that one can formulate a "matrix version" of the Theorem 1.1 — i.e. a 
version where "a" becomes a d x d-matrix over a VF*-probability space. The possibility 
of making such a generalization is created by the following result, which is of independent 
interest: 

1.2 Theorem. Let (A,ip) be a W*-probability space, with ip faithful trace, and let d 
be a positive integer. Then: 



min{ ( I ) *(a, a*) | a*a has distribution v} 



2^(p) 



(1.2) 




(1.3) 
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1° For every matrix A = (aij)fj =l G Md(A) we have: 

^({oy.o^h^d) > d 3 $*(A^); (1.4) 

moreover, (1.4) holds with equality if {A, A*} is free from the subalgebra of "scalar matrices" 
M d (CI) C M d (.A) (with I = the unit of ^4). 

2° For every selfadjoint matrix B = (bij)fj =1 G M d (.A) we have: 

<&*( {%}i<ij<d ) > d 3 <T(£); (1-5) 
and (1.5) holds with equality if B is free from M d (CI) C M^(.A). 

It is easy to see that the freeness conditions appearing in Theorem 1.2 can indeed be 
fulfilled, in the context where the *-distribution of A (in 1°) and the distribution of B (in 
2°) are prescribed - see the discussion preceding Proposition 4.1 in Section 4. 

The conditions under which equality is reached in (1.4), (1.5) have again to do with the 
more general concept of free Fisher information with respect to a subalgebra. For instance, 
the fact standing behind the statement of Theorem 1.2.1° is the following: if in addition to 
the family {a>ij}i<i,j<d we also consider a unital W*-subalgebra B C A, then: 

$*( {oij^hKijKd : B ) = d 3 $*( {A, A*} : M d (B) ); (1.6) 

in the particular case when B = CI, this leads to 

d>*( K-,a* }i<ij<d ) = d 3 <D*( {A, A*} : M d (C/) ) > d 3 ^*( {A, A*} ), 

which is (1.4) (see Proposition 4.1 below, and the comment following to it). 

By combining the results of the Theorems 1.1 and 1.2.1°, one obtains the above men- 
tioned generalization of 1.1: 

1.3 Theorem. Let v and fi be as in Theorem 1.1, and let d be a positive integer. Then 

»«»{♦•( w .«w„ n^^rr } - *•♦*«•>• ™ 

The minimum is attained if the matrix A = (a>ij)fj =1 is an i?-diagonal element of Md(A), 
and if {A, A*} is free from the algebra of scalar matrices Md(CI) C Md(A). 

It is easy to see that minimization problems for correspond to maximization problems 
for the concept of free entropy %*, which was also defined (in terms of $*) in Voiculescu's 
work ||. We will conclude the paper by spelling out the maximization results for \* which 
follow from the theorems presented above. The counterpart of Theorem 1.3 is: 

1.4 Theorem. Let v and fi be as in Theorem 1.1, and let d be a positive integer. Then 

f */ r * t \ i A:= ( a ij)ti=l e M d(A) is such i 

max{ X ( {«„,,,,}, ,. r ,, ) | ^ h ^ digtribution } 



2^(X*(,)-^). 



li 
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The maximum is attained if the matrix A = (dy)ij=i 1S an -R-diagonal element of M^[A), 
and if {^4, ^4*} is free from the algebra of scalar matrices M^(CJ) C M<i(A)- 

The Theorem 1.4 is obtained from its particular case d = 1 via a maximization result 
for the free entropy of a family of matrix entries, which is an analogue of Theorem 1.2: 

1.5 Theorem. Let (A,ip) be a VT*-probability space, with ip faithful trace, and let d 
be a positive integer. Then: 

1° For every matrix A = (a{j)fj =1 G Md(A) we have: 

X *( {a^a?-}i<ij<d ) < d 2 (x*(A,A*) -logd); (1.9) 

moreover, (1.9) holds with equality if ^4*} is free from the subalgebra of scalar matrices 
M d (CI) C M d (.4). 

2° For every selfadjoint matrix 5 = (bij)fj =1 E M^(^4) we have: 

X*({bij}i<ij<d) < d 2 ( X *(B)- 1 -^); (1.10) 
and (1.10) holds with equality if B is free from M d (CI) C M d (.A). 

It is tempting to believe that the results obtained about x* m this wa Y remain true if 
"X*" is replaced by "x", the free entropy defined via approximations with matrices which 
was studied in ||— But at the moment it is not proved (though it might very well be true) 
that x and x* coincide; and consequently, when we replace x* by x in our maximization 
results, we just obtain some statements for which proofs are needed. We hope to discuss 
these statements about x (and supply their proofs) in a future work. 

The paper is organized as follows: after reviewing the concept of free Fisher information 
in Section 2, we will prove the Theorem 1.1 in Section 3, the Theorems 1.2, 1.3 in Section 
4, and the Theorems 1.4, 1.5 in Section 5. 

Acknowledgement: Part of the research reported in this paper was done during a 
"Research in Pairs" program (supported by Volkswagen Stiftung) of the Mathematisches 
Forschungsinstitut Oberwolfach, Germany. We would like to acknowledge the excellent 
work conditions and very stimulating atmosphere provided by this program. 



2. Review of the concept of free Fisher information 

For general "free probabilistic" terminology and basic results, we refer the reader to the 
monograph ||. 

2.1 Notations. Let (A,(p) be a iy*-probability space, with ip a faithful trace. 

1° L 2 (A, if) will denote the Hilbert space obtained by completing A with respect to the 
norm ||a||2 := \Zf(a*a), a £ A. 



4 



2° For d a positive integer, we will denote by Md{A) the H^*-algebra of d x ci-matrices 
over A. Also, we will denote: (pd ■= tr®<p: Md(A) — > C, where tr is the normalized trace 
on M^(C). In other words, ipd is the faithful trace-state which acts by the formula 

1 d 

MA) = ^E^( a -)' fox A = ( aij )f J=1 eM d (A). (2.1) 

i=l 

3° An immediate consequence of (2.1) is that: 

1 d 

II A Wl^ d ) = 2 S I' H' 2 (^)' V ^ = tei&^i e M ^ ( 2 - 2 ) 
*>j=i 

Thus if we fix a pair of indices k, I G {1, . . . , d}, then we get: 

II a k,i lUa^) < || lUa^), VA = (aij)f ij=1 G M d (.A); 

and consequently, the map A i— > a^z extends by continuity to a bounded linear map 
"Entry fc " from L 2 (Md(A),<pd) to L 2 (A, <p). Equation (2.2) can then be extended by con- 
tinuity to: 

1 d 

H X Wh{ Vd ) = ~ d E II Entl T„-W 11^), VA G L 2 (M d (^l),^); (2.3) 

and by using (2.3) it is readily seen that A ^ (Entry i j(A))^-_ 1 is a bijection between 
L 2 (Md(A), (fd) and the vector space of d X d-matrices over L 2 (A, cp). We will identify in 
what follows the vectors in L 2 (Md(A), <pd) with matrices over L 2 (A, tp), via this bijection. 
It is easily checked that, in this identification, the left and right actions of M${A) on 
L 2 (Md{A), (pd) become "matrix multiplications" - e.g. we have that: 

d 

E "-try k l (XA) = EntT Yk, m ( x ) • a m ,l, 

m=l 

for every A G L 2 (Md(A), ipd), A = (aij)fj =1 , 1 < k, I < d. The formulas for the entries 
of A*, and for (pd(X), A G L 2 (Md(A), (pa), are also obtained by continuity in the obvious 
way. 

The considerations made in this paper revolve around the notion of free Fisher informa- 
tion, which was introduced and studied in j|, ||. We will next review this notion (Sections 
2.2-2.6). A family {ajjig/ of elements of a VF*-algebra will be called in what follows "self- 
adjoint" if there exists an involutive bijection a : I —* I such that a* = a a u\ for every 
i g I. 

2.2 Definition. Let {A, <p) be a ^^-probability space, with ip faithful trace. Let {a{\i^i 
be a selfadjoint family of elements of A, and let B C A be a unital W / *-algebra. 

1° We say that a family of vectors in L 2 (A, ip) fulfills the conjugate relations for 

{cii}i £ i, with respect to £>, if: 

n 

<p(€ibo<Hih - ' a>inb n ) = E S i,i m < P(b a h ■ ■ ■ <k m -ib m -i) ■ ^(b m a im+1 ■■■a in b n ), (2.4) 

m=l 
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for every n > 0, bo, b\, . . . , b n € B and . . . ,i n £ I . 

2° We say that a family of vectors in L 2 (A, tp) is a conjugate system for {aj}j e / 

with respect to B if it satisfies the Equation (2.4) and if in addition we have that: 

^€Alg({ aj } jeI LlB) M2 C L 2 (AV), Vi € /. (2.5) 

2.3 Remarks. 1° The conjugate relations (2.4) can be viewed as a prescription for the 
inner products in L 2 (A, tp) between a £j (i € /) and a monomial &o a u^i ■ ■ ■ a i„b n ', since the 
monomials of this form linearly span Alg({ai}i e j UB), it follows that the conjugate system 
{£i}j g / for {aj}j e / with respect to B is unique, if it exists. Note moreover that the existence 
of the conjugate system is equivalent to the existence of any family of vectors in L 2 (A,tp) 
which fulfill the conjugate relations (2.4); indeed, if satisfy (2.4) and if we set rji to 

be the projection of onto Alg({aj}j e j U 2?)" " 2 , i G 7, then will also satisfy (2.4), 

hence will give the conjugate system. 

2° If the family {a>i}i e i from Definition 2.2 has a conjugate system with respect 

to B, and if a : I — ► I is an involution such that a* = a a ^ , i E I, then we necessarily also 
have: 

C* = « e /. (2.6) 

Indeed, it is easy to see (by using the relations a* = a a u^, i €. I, and the properties of the 
trace-state tp) that if we set rji = i £ I, then {ryj}j g / will also fulfill the conjugate 

relations (2.4); therefore rji = i G I, by the uniqueness of the conjugate system, and this 
gives (2.6). 

2.4 Definition. Let (*4, tp) be a VF*-probability space, with tp faithful trace, let {di}i e i 
be a selfadjoint family of elements of A, and let B C .4 be a unital VF*-subalgebra. If 
{aj}j G / has a conjugate system {^j}ig/ with respect to B, then the free Fisher information 
of {ajjjg/ with respect to B is: 

<t>*({ ai } ieI :B) := £||&|| 2 . (2.7) 

16/ 

If {aj}j £ / has no conjugate system with respect to B, then one takes <J>*( {aj}j e / : S) := oo. 

2.5 Definition. Let (.A, be a VF*-probability space, with tp faithful trace. If {ai}i e i 
is a selfadjoint family of elements of A, then we denote: 

$*( {a,} ie/ ) := $*( {a^j : CI). (2.8) 

*£*( {«i}ie/ ) wm De simply called "the free Fisher information" of {ai}i e i. Also, if 
fulfills the conjugate relations (respectively is a conjugate system) for {a{\i^i with respect 
to CI, we will generally omit "with respect to CI" from the formulation. 

2.6 Remarks. 1° Let (A,tp), {aj}j G / and B be as in the Definition 2.4. If a family 
in L 2 (A, tp) fulfills the conjugate relations for {aj}j e / with respect to £>, but does 

not necessarily satisfy (2.5), then we still know that: 

**({oi} ie i :B) < J2\M 2 - ( 2 - 9 ) 

iei 
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This is a direct consequence of the statement concluding the Remark 2.3.1°. 

2° Let (A, f) and {a.;}j g / be as above, and let 81,82 be W*-subalgebras of A such that 
I € Bi C B a . Then 

$*(K} i6j :0a) < $*({a,} 4e/ : B 2 ). (2.10) 

Indeed, if $*( {aj}j g / : B2) < 00 > then the conjugate system for {aj}j g / with respect to B2 
will fulfill the conjugate relations with respect to B\\ hence (2.10) follows from (2.9). 

3° In the particular case of 2° when B\ = CI, we obtain the inequality: 

$*({a;} ie/ ) < <S>*({ ai } ieI :B), (2.11) 

for every unital W*-subalgebra B of A. It is important to record here that, as proved in ||] 
Proposition 3.6, (2.11) holds with equality whenever {a{\i£i is free from B. 

The problems discussed in the present paper are formulated only in terms of the free in- 
formation $*( {a,i}i£i ) (with respect to the scalars). But however, considerations involving 
free information with respect to non-trivial subalgebras appear naturally in the solutions. 
Moreover, in Section 3 we will arrive to use a version of <&*( • : B) where (in addition to 
B itself) one also considers a completely positive map rj : B — » B. This version of <&* was 
introduced in ||], and is defined as follows. 

2.7 Definition. Let (A, <f) be a Il^-probability space, with if faithful trace, let x = x* 
be in A, let B C A be a unital W*-subalgebra, and let 77 : B — > B be a completely positive 
map. 

1° We say that a vector £ £ L 2 (A, f) fulfills the conjugate relations for x, with respect 
to B and rj, if: 

n 

9?(£6 a;6i • • • xb n ) = ^ if{ rj(E B (b x ■ ■ ■ xb m -\)) ■ b m x ■ ■ ■ xb n ), (2.12) 

m=l 

for every n > and every bo,b\, . . . ,b n G 0, and where .Eg denotes the unique trace- 
preserving conditional expectation from A onto 0. 

2° The vector £ £ L 2 (A, f) is called a conjugate for x, with respect to £> and r], if it 
satisfies (2.12) and if in addition: 

£ £ Al ff ({x}uB)"'" 2 . (2.13) 

3° The free Fisher information of x with respect to and rj is defined to be: 

<T(x :£,r,) := ||£|| 2 , (2.14) 
if x has a conjugate vector £ with respect to B and 77, and <&*( x : B,rj) := 00 otherwise. 

2.8 Remarks. 1° Exactly as in Remark 2.3.1°, one sees that the conjugate vector with 
respect to B and rj is unique, if it exists. (This ensures that the definition of $*( x : B,rj) 
in (2.14) makes sense.) 
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2° In the particular case when the completely positive map rj : B —* B is 77(6) := <f(b)I, 
b £ B, one obtains <&*( x : B,rj) = $*( x : £>), because (2.12) reduces to (2.4). 

3° It is easy to see (exactly as in the Remark 2.6.2°) that one has the inequality: 

$*(x : £1,171) < $*(x : £2,772) (2.15) 

whenever B\ C £2 and 771 , 772 are related by: 

772(6) = 771(^(6)), V6g/3 2 . (2.16) 

It is again important to record that, as proved in ||] Proposition 3.8, (2.15) holds with 
equality whenever Alg({x} U Si) is free from B2, with amalgamation over B\. 

2.9 Remark. Let (Ai,ipi) and (A2,f2) be ^^-probability spaces, with <pi,(p2 faithful 
traces, and let x\ = x* G A±, x% = x| G .A 2 be elements with identical distributions 
(i.e., <pi(xi) = ^(x^yn > 0). Then we must also have that $*(xi) = $*(xg). Indeed, 
the coincidence of distributions has as consequence that there exists a unitary operator 
U : Alg(I,x\) — > Alg{I, X2) , determined by the relation C/(x") = xJf, n > 0. It is 
immediate that C/ sends a conjugate for xi into a conjugate for X2, and this in turn implies 
the equality of free Fisher informations. 

In particular, if [i is a probability measure with compact support on R, it makes sense 
to use the notation 

**(At) := $*(x), (2.17) 

where x is an arbitrary selfadjoint random variable (in some VF*-probability space (A, (p), 
with <p faithful trace) such that the distribution of x is fj,. A detailed discussion about < 5*(/i) 
is made in [||] (see also Section 2 of ]|] ) ; it is in particular shown there that if \x is absolutely 
continuous with respect to the Lebesgue measure, and has density p, then: 

2 r°° 

**M = o • / P(*) 3 rf*- (2-18) 

o J —OO 



3. Minimization of $*(a, a*), when the distribution of a*a is prescribed 

Let v be a probability measure with compact support on [0, 00). We consider the 
minimization problem stated in (1.1) of the Introduction, i.e. the problem of determining: 

inf{<I>*(a, a*) | a*a has distribution v} 

where a £ A and (A, <p) is a iy*-probability space, with <p faithful trace. 

In the considerations related to this problem, it is convenient to use the following sym- 
metric measure associated to v. 

3.1 Definition. For v as above, we will call "symmetric square root of v" the unique 
probability measure /ionR which is symmetric (i.e. (a(S) = S) for every Borel set S), 
and has the property that p(S) = v( {s 2 \ s G S} ), for every Borel set S such that S = —S. 
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In terms of random variables, the connection between v and its symmetric square root 
fx is expressed as follows: a selfadjoint element d in a W*-probability space (A, p) has 
distribution [i if and only if x is even (i.e. ip(x n ) = for n odd), and x 2 has distribution v. 

3.2 Theorem. Let v be a probability measure with compact support on [0, oo), and let 
/i be the symmetric square root of v. Let (A, p) be a W^-probability space, with ip faithful 
trace, and let a G A be such that a*a has distribution v. Then: 



Moreover, (3.1) holds with equality if a is of the form a = up, where u G A is a unitary 
with Haar distribution (i.e. ip{u n ) = for all n G Z \ {0}), p = p* has distribution /j, and 
{p} is free from {it, u*}. 

Thus the infimum considered in (1.1) of the Introduction is equal to 2<l?*( / u). 

3.3 Remarks. 1° If u is a unitary with Haar distribution, p = p* , and {p} is free 
from {u, u*}, then the element a = up is said to be i?-diagonal (fU). For such an element, 
the *-distribution of a is completely determined by the distribution of p 2 (|j]], Corollary 
1.8). This implies that, as far as *-distributions are concerned, there is a unique ii-diagonal 
element a such that the distribution of a*a is a given probability measure v. 

Let us hence notice that in the phrase following Equation (3.1) (in the statement of 
Theorem 3.2) we could replace "p has distribution /x" with the apparently more general 
condition u p 2 has distribution v" . But this wouldn't actually change the *-distribution of 
a - we would still have to do with the same ii-diagonal element. 

We were in fact unable to determine if the i?-diagonal *-distribution is the unique one 
which achieves the minimization of < 5*(a,a*) considered in (1.1). (See also the Sections 
3.10, 3.11 below.) 

2° The statement of Theorem 3.2 contains the one of Theorem 1.1, with the exception of 
the formula (1.3). The latter formula follows from Equation (2.18) of Remark 2.9, combined 
with the simple observation that [i is absolutely continuous if and only if v is so, in which 
case the densities a of fi and p of v are connected by the relation a(t) = \t\p(t 2 ), t G R. 

Our goal in this section is thus to prove Theorem 3.2. Let us set the following: 

3.4 Notations, v, /x, (A, <p), a £ A are fixed from now on, until the end of the section, 
and are as in the statement of Theorem 3.2. We will consider the space (M2(A), p^) of 
2x2 matrices over (A,(p) (as in Notations 2.1.2°), and we will give a special attention to 
the selfadjoint matrix: 



For i,j G {1,2} we will denote by Vij the matrix in M2(A) which has the (x,j)-entry 
equal to the unit of A, and the other entries equal to 0. Then: 



<£*(a,a*) > 2$*(/i). 



(3.1) 




(3.2) 



span{Vii, Vi 2 , V 2 i, V 22 } 



M 2 (CJ) C M 2 {A); 



we will also denote: 



V := span{Vu, V22} 



9 



(the 2-dimensional *-subalgebra of M2(A) consisting of scalar diagonal matrices). We will 
denote by E_m and Ex> the unique trace-preserving conditional expectations from M 2 („4) 
onto M 2 (CI) and V, respectively. For B = (^)f J=1 G M 2 {A) we have: 

~ ( 3$ ^ ) • - ( ^ X), ) ■ 

3.5 Remark. Since A of Equation (3.2) has: 

A 



2 ( aa* 



y a*a J ' 

while on the other hand the odd powers of A have O's on the main diagonal, it is immediate 
that A is even and that A 2 has distribution v. Therefore A itself has distribution fi. 

3.6 Proposition. Let r] : MziCI) — ► M2(C7) be the completely positive map defined 

by: 

i ( ( xn X12 ))■■=( 7 V ( 3 - 4 ) 

V ^ X 2 1 X 22 J > \ X U J 

Then we have: 

$*(a,a*) = 2$*(A : M 2 (C/),r ? ). (3.5) 



Proof. We first consider the situation when 5>*(a, a*) < oo. In this case there exists 
£ G AZ^(J,a,a*)" " 2 such that forms a conjugate system for {a, a*}. We define: 

X := (J e J ) G L 2 (M 2 („4),^ 2 ) (3.6) 

where the identification between vectors in L 2 (M 2 (-4) j ) and matrices over L 2 [A, tp) is as 
discussed in the Notations 2.1.3°. We will show that X is a conjugate for A, with respect 
to M 2 (CJ) and r]. Proving this claim consists in verifying that: 

(a) the relation 

n 

<P2(XB AB 1 ---AB n ) = Y,Mv(E M (B A---AB m - 1 )-B m A---AB n ) (3.7) 

m=l 

holds for every n > and every Bq, B\, . . . , B n G M 2 (CI); and that: 

(b) X G ^({iJU^tC/))"'" 2 C L 2 (M 2 (A),^2)- 

Note that once (a) and (b) will be proved, we will have the equality 

<T(A : M 2 (CI), V ) = \\X\\l^ 2) (2 = 3) 1(||£|| 2 + ||ri| 2 ) = ^W), 
which is exactly (3.5) (under the hypothesis <E>*(a,a*) < oo). 
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Proof of (a). Both sides of (3.7) depend multilinear ly on Bq, B±, . . . , B n ; we can therefore 
assume without loss of generality that B m = Vi m j m , < m < n, for some io,jo, ■ ■ ■ ,i n ,jn 
£{1,2}. 

By using the trace property of if2 we can write the left-hand side of (3.7) as: 

M V jnjn XV iojo AV ii:jl ■ ■ ■ AV injn ). (3.8) 
Only the (j n , j n )-entry of the matrix product appearing in (3.8) is not 0; this entry equals: 

(X) jnio (A) joil ...(A) 

where (A)ij, (X)ij stand for the (i, j)-entry of A and X, respectively. Thus the quantity in 
(3.8) equals: 

l<p((X) jnio (A) joil ---(A) jn _ lin ). (3.9) 

But we know that (A)ij = = (X)ij if i = j; so if we make the convention to denote 
i : = 3 — i ( = the number in {1, 2} which is not i), for i G {1, 2}, then (3.9) becomes: 

In (3.10), (X)j oio is ^ or £*, while every {A)j mim is either a or a*. So the conjugate relations 
for {a, a*} can be used, to obtain that the quantity in (3.10) equals: 

2 i0*l jlh jn-lin jnio 

n 

■ Y &-■ ■ <p( (A), . ■ • ■ (A), , )-<p((A). , ■■■{A) 1 ■ ). (3.11) 

m=l 

We now turn to the right-hand side of (3.7). By using the formulas for r\ and E_m (as 
in Equations (3.4) and (3.3)) we first see that: 

v(E M (V iQjo A ■ ■ ■ AF im _ lim _ 1 )) = < 5 ioim _ 1 • tp( (A) joil ■ ■ ■ (A) jm _ 2im _ 1 ) • V 1q1o , 

for 1 < m < n. By replacing this into the right-hand side of (3.7), we obtain the expression: 

n 

E <Wi • <P( ( A )hh ■ ■ ■ (^)j m -2i m -i )-M V 1()1 V lmjm A ■ ■ ■ AV injn ). (3.12) 

m=l 

But then a calculation very similar to the ones shown above gives us that the summation 
in (3.12) coincides, term by term, with the one in (3.11). 

Proof of (b). We have 

( P(a o a * } [j) e Alg({A}UM 2 (CI)), (3.13) 

whenever p is a non-commutative polynomial of two variables. (Indeed, it clearly suffices to 
check the cases p(a,a*) = I and p(a,a*) = a, when the matrix in (3.13) becomes Vu and 
respectively AV21.) From (3.13) and the fact that € Alg(I,a,a*) we infer: 

(l ) ' ( ) G ^({^}UM 2 (C/)) IM|2 . (3.14) 
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But Alg({A} U M 2 {CI)) is invariant under the left/right action of elements from M 2 (C7); 
so (3.14) implies that: 

' £ o \ / r o K 



X = V21 { ) + { ) Vl2 G « UM2 ( CJ )' ' 
as desired. 

Hence (3.5) is now proved in the case when $*(a, a*) < oo. It remains to show that 
$*(a,a*) = oo =► $*(A : M 2 (CI),rj) = oo; or equivalently that 3>*(A : M 2 (CI),rj) < oo ^ 
$*(a, a*) < oo. 

If <$>*(A : M 2 (CI),r]) < oo, then there exists X £ 1? (M 2 (A) , <p 2 ) which satisfies the 
conjugate relations for A, with respect to M 2 (CI) and rj. We identify X with a 2 x 2 
matrix over -L 2 (»4, <p), and denote its (2,l)-entry by £; we will show that {£,£*} satisfy the 
conjugate relations with respect to {a, a*} (this will entail, as noticed in Remark 2.6.1°, 
that 3>*(a, a*) < oo). 

It is in fact sufficient to prove that: 

n 

• ■ ■ O = Ei,M fl !r" fl !m -iM fl «™ + i'" ft iJ. ( 3 - 15 ) 

m=l 

for every n > 1 and every i±, . . . ,i n £ {1, 2}, where we denoted a± := a, a 2 := a*. Indeed, 
the symmetric relation: 

n 

ip{C a h ■ ■ ■ a in ) = 5 im,2<p(a, il ---a im _ 1 )<p{a im+1 ---a in ) (3.16) 

m=l 

follows from (3.15) by taking an adjoint and doing a circular permutation under (p. We also 
have (p(£) = 2(p 2 {XV\ 2 ) = 0, by the conjugate relations satisfied by X, and </?(£*) = </?(£) = 
0. Added to (3.15-16), this exhausts the list of conjugate relations for a, a*. 

In order to verify (3.15), we adopt again the conventions of notation used in the "Proof 
of (a)" above, and we write: 

ip{£a h a i2 ■ ■ ■ a in ) 



= 2<p 2 (XV lil AV lii A...V ln _ iin AV ln2 ) 



= 2 £>( viEMiV^AV^A ■ ■ ■ V Im _ ilm )) ■ V lrnim+ A. ■ ■ V^AV^ ) 

m=l 

(by the conjugate relations for A, with respect to M 2 (CI) and rj) 



= 2 J2 M S im ,M(A) hll ■ • • (A) im _ ilm _)V 22 • V lmlm+ A • • • V ln _ iin AV ln2 ) 

m=l 

(by writing explicitly how rj o E_m works) 

n 1 

m=l 
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m=l 

3.7 Proposition. Let rjo :V be the *-automorphism defined by: 

» ( ( xl o L ) ) == ( T ™ ) • < 3 -) 

Then we have: 

&*(A : M 2 (C/),r/) > $*(A:D,?jd) = = (3.18) 

Proof. It is immediate that r?(.B) = rjo(Ex>(B)), for every 5 G M2(C7); thus the 
inequality appearing in (3.18) is implied by (2.15) of Remark 2.8.3°. On the other hand, 
the equality <b*(A) = ^*{^) holds just because A has distribution \i (Remark 3.5). Our 
main concern in this proof is to show that &*(A : T>,r]o) = <b*(A). 

For proving $>*(A : T>,j]q) > &*(A), we assume the existence of a conjugate X for A, 
with respect to V and 770, and we show that that X fulfills the conjugate relations for A 
with respect to the scalars. The assumption on X is that: 

n 

<p 2 (XD AD 1 ---AD n ) = Y,Mvo{Ev{D A---AD rr ^ 1 ))-D m A---AD n ), (3.19) 

m=l 

for every n > and every Dq, D\, . . . , D n G V. By setting in (3.19) Dq = D\ = • • • D n = I 2 
(the unit of M 2 (A) ), we get: 

n 

V2{XA n ) = Y,Mvo(E v (A m - l ))-A n - m ), n>0. (3.20) 

m=l 

It is however immediately checked that: 

Vo (E v (A k )) = MA k )h, k>0; 

hence (3.20) comes to: 

n 
m=l 

which says exactly that X fulfills the conjugate relations for A with respect to the scalars. 

We now go to the proof of the opposite inequality, &*(A : T>,i]q) < $>*(A). The method 
is the same as above (although the calculations will be more complicated): we assume that 
A has a conjugate vector X G L 2 (M2(A), ^2), with respect to the scalars, and we will show 
that X also fulfills the conjugate relations for A with respect to V and 770. We identify the 
vector X with a matrix over L 2 (A, ip) (as in 2.1.3°): 

X = f I'' ) > with & G L2 (A<P). (3.21) 
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Note that 

A = A* in M 2 (A) X = X* in L 2 (M 2 {A), <p 2 ) (by Remark 2.3.2°) 

Before doing anything else, let us show that in (3.21) we have £n = £22 = 0. To this 
end we will use "the even half" of the conjugate relations fulfilled by X: 

2k 

<f(XA 2k ) = Y / <f(A l ~ 1 )-¥(A 2k - 1 ), k>0. 
1=1 

Every term in the latter sum is 0, because one of A 1-1 and A 2k ~ l must always have vanishing 
diagonal entries. So we get ip(XA 2k ) = 0, hence X _L A 2k in L 2 (M2(A), tp 2 ), for every k > 0. 
Since on the other hand the definition of the conjugate vector contains the fact that 

X G span IH|2 {A n | n > 0} C L 2 (M 2 (A),(f 2 ), 

and since (obviously) A n _L A m when n, m have different parities, we infer that actually: 

X G spanlHI 2 {A 2fc+1 | k > 0} = BpBH»-« a { ( fl , ( ^ )fc a(a * a) * j | fc > 0}. (3.22) 

From the discussion in 2.1.3° it is clear that convergence in L 2 (M 2 (A),(f 2 ) implies "entry- 
wise convergence" in L 2 (A, ip). Therefore (3.22) has as consequence that £n = £22 = 0, as 
desired, and we can write: 

x - ( ° ) ■ (3 - 23> 

where f := 61 of (3.21). 

Besides (3.23), there is another consequence of (3.22) which will be used in the sequel, 
namely that: 

^a{a*a) m ) = if(Ca*(aa*) m ), Vm > 0. (3.24) 
Indeed, for every given m > 0, (3.22) implies: 

( Ca Y r Wa v)=^— e ^)H h{A - |t > m+1} 

Then the fact that ip( (aa*) k ) = ip( (a*a) k ), k > m + 1, can be passed through the closed 
linear span to yield (3.24). 

Now, recall that our goal is to prove that X fulfills the conjugate relations for A, 
with respect to V and 770; these relations are exactly as described in (3.19). Since V = 
span{Vii, V22}, it actually suffices to check that: 

n 

<p 2 (XV ioio AV ilh ---AV inin ) = Y,Mvo(Ev(V l()io A---AV im _ llm _ 1 ))-V imim A---AV lnln ), 



m=l 



(3.25) 
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for every n > and every io,ii, ■ ■ ■ ,i n £ {lj 2}. 

The verification of (3.25) goes on a line similar to the one used for checking Eqn.(3.7) 
in the proof of Proposition 3.6. The left-hand side of (3.25) is evaluated as: 



2^( PO*n*o(^)«OU " " " ( A )in-lin ) 



1 



n — l^n— 1 ' 

' 2- 1 i P (Ca(a*a) k ), if n = 2fc + 1 and (i 0) ii, . . . , i n ) = (1, 2, . . . , 1, 2) 



2~V(r«*(aa 



if n = 2fe + 1 and (i ,i u ... ,i n ) = (2,1, ... ,2,1) (3.26) 



0, otherwise. 
The general term (indexed by 1 < m < n) on the right-hand side of (3.25) is: 

M Vo(Ev(V io i A---AV im _ lim _ 1 ))-V imirn A---AV inin ) 

= <P2( rio(Si i m _M( A )ioh ■ ■ ■ ( A )im-2im-i) V ioio) ■ Vi m i m A -- ' A ^i n i n ) 



-i<P(( A )ioh " ' ' ( A ) 



,)-(p 2 ( Vi i A---AVi i ) 



= _<j. . .5.^5.^...$. , -(p((A). - ■■■(A). ^ ^ ■■■(A)- - ) 

' 2- V((aa*) (m_1)/2 )^((«*a) (n ~ m)/2 ), if n are both odd 

and (i ,ii,...,i n ) = (1, 2, . . . , 1, 2) 

2- V((a*a) (m_1)/2 )v((««*) (n ~ m)/2 ), if m, n are both odd (3.27) 

and (io,h,...,i n ) = (2, 1, . . . , 2, 1) 

0, otherwise. 

By comparing (3.26) with (3.27) (and by also taking (3.24) into account) we see that all 
it takes in order to obtain (3.25) is: 



^a(a*a) k ) = £ <p((aa*) 1 ) ■ ^(a* a) k ~ l ) , Vfc > 0. 

1=0 



(3.28) 



Finally, we obtain (3.28) by using "the odd half" of the conjugate relations (with respect 
to the scalars), which are fulfilled by X: 



2k+l 



(3.29) 



Indeed, we have: 



M* A2k+1 ) = w 



Ca*(aa*) 






£a(a*a) k 



= -(^a*(aa*) k ) + <p(Ha(a*a) k ) 
= ^a(a*a) k ), by (3.24); 
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while on the other hand it is immediate that: 

2k+l k 

MA 1 ' 1 ) ■ MA 2k+1 ~ l ) = Y,MA 2l )-MA 2{k - l) ) 
1=1 1=0 

= Y.y{{a<f) l )-y{{<faf- 1 ) 
1=0 

(due to the particular form of A). So actually (3.28) reduces to (3.29). QED 

We now discuss the special property of the i?-diagonal element which will ensure the 
equality in (3.1) of Theorem 3.2. 

3.8 Proposition. In the framework of the Notations 3.4, we have that: Alg({A} U T>) 
is free from M 2 (CI) with amalgamation over V if and only if a is i?-diagonal. 

In the proof of the Proposition 3.8 we will use the following lemma. 

3.9 Lemma. Let (M,ij)) be a ^^-probability space, and let us denote, for every b G M 
and every k > 1: 

{ w u . k (b) = (bb*) k - V( (bb*) k )I 

W l2 ; k {b) = b{b*b) k ~ l 

w 21 . k (b) = b*(bb*) k -' {6 - 6U) 
{ w 22 , k (b) = (b*b) k - V( (b*b) k )/. 

Then the following statements about an element b G M. are equivalent: 
1° b is i?-diagonal in (M,ip). 
2° We have that: 

for every n > 1, io,i±, . . . ,i n E {1>2} and ki,...,k n > 1. (Same as in the preceding 
propositions, we used in Equation (3.31) the convention of notation i = 3 — i, for i E {1,2}.) 

Proof of Lemma 3.9. 1° => 2° We can assume that b = up where u G M. is a Haar 
unitary, p = p* is even (i.e. 4>{p k ) = for /c odd) and is free from {p}. Thus we 

have, for every k > 1: 

«>!!;*(&) = u{p 2k -lP{p 2k )I)u*, t«12;fc(6) = V*" 1 , 
«>21;k(&) = P^V, ^22; fc (fe) = p 2 " " ^(p 2 *)/. 

Every Wij- k (b) can be viewed as a word with 1, 2, or 3 letters over the alphabet: 

{u, u*} U {p k - il>(p k )I | k > 1}; (3.32) 

and moreover the letters which form Wij- k (b) always come alternatively from {u,u*} and 
{pk - ^(p*)J | fc > 1}. 
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Given any n > 1, io, i±, . . . , i n G {1, 2} and k±, . . . , k n > 1, we claim that the product: 

w ■■= ^i i 1 ^( b H 1 irM^--- w l n -^;k n ( b ) ( 3 - 33 ) 

still has the same alternance property of the letters, when viewed as a word over the alphabet 
(3.32). Indeed, for every 1 < m < n — 1 there are two possibilities: either i m = 1, in which 
case w- ; ■ , (b) ends with u* and wj ,■ (b) begins with a p k — ib{p k )I; or i m = 2, 

lm-l'm]% v 7 im'm+li^m+l v J ' v ' 

in which case it* • , (6) ends with a p k — tb(p k )I and „• h (b) begins with u. In 
both cases, the concatenation of uh , (b) and w- ■ , (b) is still alternating. 

But if the product w appearing in (3.33) is alternating when viewed as a word with 
letters from (3.32), then the equality ip(w) = follows from the definition of freeness (since 
every letter in (3.32) is in the kernel of tp, and since {u,u*} is free from {p}). 

2° =^ 1°. By enlarging the space (JA,ip) if necessary, we can assume that there exists 
an .R-diagonal element c G M, such that c*c has the same distribution as b*b. We denote 
b\ := b, 62 := b*, c\ := c, C2 := c*. We will show that: 

ip(b h b i2 ---b in ) = ip{c h c i2 • • -CjJ, Vn> 1, Vii, G {1,2}. (3.34) 

From (3.34) it will follow that 6 is i?-diagonal (since c is so, and (3.34) means that b and c 
have the same *-distribution). 

If Wij-k{c) G M is defined by analogy with Equation (3.30), for i, j G {1,2} and k > 1, 
then the implication 1° =^ 2° proved above ensures that: 

i>( ^ u;fc 1 ( C Ki 2 ;fe( C )---^-ii„;A ; „( C ) ) = ( 3 ' 35 ) 

for every n > 1, io,i\, . . . ,i n G {1,2} and k±,...,k n > 1. The equality in (3.34) will be 
obtained by exploiting the similarity between (3.31) and (3.35). 

We will prove (3.34) by induction on n. For n = 1 we have to show that ip(b) = Y>(c), 
V>(6*) = V"(c*)- And indeed: 

Hb) = ^K;l(6)) (3 = } ( = 5) VK2;l(c)) = ^(C), 

while il>{b*) = = tp(c*) can be shown in a similar way. 

We consider now an n > 2. We assume that (3.34) is true for 1, 2, . . . , n — 1 and we 
prove it for n. Let us fix some indices i±, . . . , i n G {1,2}, about which we want to prove 
that (3.34) holds. 

We take the product b^b^ and draw a vertical bar between bi m and bi m+1 for every 

1 < m < n — 1 such that i m = i m +i- (For instance if 6^6^ were to be bb*bbbb*b*b, 

then our bars would look like this: bb*b \ b \ bb* \ 6*6.) By examining the sub-products of 
&i 1 &i 2 ■ ■ ■ bi n which sit between consecutive vertical bars, we find that we have written: 

KK ■■■K = ^J on ; kl (b) + Xil) ■ ■ ■ (^ s _ ljs - ks (b) + X S I) (3.36) 

for some s > 1, jo,ji, ■ ■ ■ , j s € {1, 2}, k±, . . . , k s > 1 having k± + - • -+k s = n, and Ai, . . . , A s G 
C. The number A r , 1 < r < s, is determined as follows: if j r -i = jr, then A r = 0; and if 
jr-i + jr, then A r = if>( (b*b) kr ). 
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In a similar way we can write: 

ChCi 2 ---Ci n = (wj j lifcl (c) + Ai/)---(toj i _ iJ . s . fcs (c) + A a /); (3.37) 

and moreover, the parameters s,jo,j±,...,j s , k±, . . . , k s , Ai, . . . , X s appearing in (3.37) coin- 
cide with those from (3.36). Indeed, the values of s, jo, ji, . . . , j s , k\, . . . , k s are determined 
solely by how the vertical bars are placed between the Q m 's in Cj x q 2 • • • Q n , and this is 
identical to how the vertical bars were placed in bi^b% 2 ■ ■ ■ bi n . After that, the value of every 
A r is determined as & ■ ip( (c*c) kr ), which is again the same as in (3.36), due to the fact 

Jr— liJT 

that b*b and c*c have the same distribution. 

By applying ijj on both sides of (3.36) and then by expanding the product on the right- 
hand side, we obtain: 

H KK ■ ■ ■ K ) = Y>( wj ojvM (b) ■ ■ ■ wj s lja . ka (b) ) 

+ e (n*0-< n ,,:^)- 

9^AC{l,...,s} reA r€{l,-,s}\A 

The corresponding operations done in (3.37) yield an identical formula, where we have c's 
instead of b's. But we know that 

^ w 3on-M^--- W J a -^;k a ( b )) (3 = } ( = 5) ^(^• i;fel (c)---^ s _ i , s;fcs (c)), 
while on the other hand the induction hypothesis gives us that: 

<K n ^.^w) = H n ^ P _ 1 > ; * P w). 

re{l,...,s}\A re{l,...,s}\A 

for every / ^4 C {l,...,s}. These equalities imply in turn that V( b^b^ ■ ■ ■ b^ n ) = 
ip( Ci x Ci 2 ■ • • Cj„ ), as desired. QED 

Proof of Proposition 3.8. For every i,j E {1,2} and k > 1 we denote by i% ; fc(a) 
the element of .A defined by the same recipe as in Equation (3.30) of Lemma 3.9, and we 
denote by Wij-k 6 M2(A) the matrix which has its (i, j)-entry equal to w^^ia), and its 
other entries equal to 0. 

It is immediately seen that Alg({A}L)V) is linearly spanned by the matrices of the form: 

{aa*) k \ ( a(a*a) k \ ( 
) ' y a*(aa*) k 

and this implies the formula: 

{X £ Alg({A} U V) | E V {X) = 0} = span{W ij;fc | t, j € {1,2}, fc > 1}. (3.38) 

On the other hand it is clear that: 

{X G M 2 (C/) | = 0} = span{y 12 ,y 21 }. (3.39) 



) ' ( (a*a) k ) ' k ~ ° 5 
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From (3.38-39) it follows that Alg({A} U V) is free from M 2 (CI) with amalgamation 
over T> if and only if: 



Vn> 1, Vj'i, J'", ...,j^,^,ii,...,i n _i G {1,2}, 

vfci, . . . , k n > i, vc/', u" g {Vii + y 22 , f 2 i}. 

The matrix product appearing in (3.40) is if it is not true that j" = ii, h = j' 2 , 
*n-ii in-i = j' n - And consequently, (3.40) is equivalent to: 

f Et>( u'w- i h . k V--- ■■■Wj ai rfc ,v; 1? W ? k U") = 0, 

Vn > 1, Vz ,«i, . . . ,i n G {1,2}, 
[ Vfci, . . . , k n > 1, VC/', f7" G {Vn + V 22 , V 12 , V21}. 



(3.40) 



All 

jJn-1 



(3.41) 



But now, the matrix product appearing in (3.41) has one entry equal to wj oil . kl (a) ■■■ 
^n-iinkn^ ( w ^ c ^ 1 caYl appear on any of the four possible positions, depending on the 
choices of U' and U"); and has the other three entries equal to 0. This makes it immediate 
that the condition (3.41) is equivalent to the one presented in the Lemma 3.9.2° (applied 
here to (A,<p)). QED 



Proof of Theorem 3.2. The inequality (3.1) is obtained by putting together the 
Equations (3.5) and (3.18) established in the Propositions 3.6, 3.7. From (3.5) and (3.18) 
it is also clear that (3.1) holds with equality if and only if: 

$*(A:M 2 (C/),r?) = <S>*(A:V, Vo ). (3.42) 

As reviewed in the Remark 2.8.3°, a sufficient condition for (3.42) to take place is that 
Alg({A} U V) and M 2 (CI) are free with amalgamation over V. But by Proposition 3.8, 
this sufficient condition is equivalent to the fact that a is an ii-diagonal element. QED 



3.10 Remark. If one is only interested in establishing the inequality (3.1), then a 
substantial short-cut can be taken through the above considerations. The short-cut goes by 



verifying directly that if (£, £*) is a conjugate system for (a, a*), then X := 




fulfills 



the conjugate relations for A := ^ ^ ^ j , with respect to the scalars; this immediately 

implies $*(a,a*) > 2<5>*(A) = 2$*(/x), i.e. (3.1). 

The reason for insisting to put into evidence the relations shown in (3.5) and (3.18) is 
that they also give us a non-trivial necessary and sufficient condition - Equation (3.42) - 
for the minimal free Fisher information to be attained. As mentioned in Remark 3.3, the 
problem of determining what are the *-distributions of a which attain the minimal < I ) *(a, a*) 
is open, and seemingly difficult. The condition in (3.42) helps clarifying the nature of this 
problem, by reducing it to the following one (also open): 

3.11 Problem. Is it true that if <I>*(^ : M 2 (CI),rj) = $*(A : V,rjo) < 00, then 
necessarily Alg({A} U V) and M 2 (CI) are free with amalgamation over VI 
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Settling the Problem 3.11 in the affirmative would imply that if the minimal value of 
$*(a,a*) (under the constraint in (1.1)) is finite, then this minimal value can be reached 
only by an i?-diagonal element. While on the other hand, a negative answer in 3.11 would 
provide examples of situations when the infimum in (1.1) is finite and is reached by non-i?- 
diagonal elements. 



4. Minimization of free Fisher information for matrix entries 

Let d be a fixed positive integer. We will consider here the following two minimization 
problems: 

(a) Determine the minimal possible value of $*( {a^-, a*j}i<ij<<2 ), if the family 
{o-ij}i<i,j<d (of elements in some ^^-probability space (A, if), with <p faithful trace) is such 
that the matrix A = (a>ij)fj =l has a prescribed *-distribution. 

(b) Determine the minimal possible value of <&*( {&ij}i<ij<<2 ), if the family {6ij}i<ij<d 
(of elements in some Ty*-probability space (A, if), with <p faithful trace) is such that the 
matrix B = (bij)f j =1 is selfadjoint, and has a prescribed distribution. Note that if B = B*, 
then {bij}i<i t j<d is a selfadjoint family of elements of A — indeed, the involution cr(i,j) := 
(j,i) has the property that b*j = &o-(ij)> f° r every 1 < i,j < d. 

The solutions of these problems are provided by the Theorem 1.2 stated in the Intro- 
duction. For instance for (b) we have that, given a probability measure fx with compact 
support on R: 



A similar formula holds in the framework of the problem (a) (but where for the role of fj, we 
must now consider a linear functional on C(X,X*), which can appear as a *-distribution 
in a tracial V^*-probability space). 

In order to infer (4.1) as a consequence of Theorem 1.2.2° (and the corresponding con- 
clusion from Theorem 1.2.1°), there is one more detail that needs to be verified - that the 
freeness conditions appearing in Theorem 1.2 can indeed be fulfilled, in the context where 
the joint distribution of A and A* (in 1°) and the distribution of B (in 2°) are prescribed. 
We discuss in more detail the selfadjoint case of 2°; the non-selfadjoint case is similar. 

So, let jJL be a fixed probability measure with compact support on R. One can find a 
^^-probability space (M,ip), with ip faithful trace, and x and {%}i<ij<d in M. such that: 

(i) x = x* has distribution \i\ 

(ii) the Vij's form a family of matrix units (i.e., VijVki = SjkVa, v*j = Vji, VI < k,l < d, 




(4.1) 



and T,i=ivu = I); 

(iii) x is free from {%}i<ij<d- 
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(An example of such (M.,ip) is the free product (L°° (/j,) , d/j,) ★ (M d (C), tr). ) Consider the 
compressed IF*-probability space (A, ip), where A := vuMvu and </?(■) := dip(-) on „4; and 
in A consider the family of compressions := vuxvji, 1 < i, j < d. Then the self-adjoint 
matrix B = {bij)fj =1 has distribution n in (M d (A), tp d ), and is on the other hand free from 
M d (CI) C M^(^4). These things happen because the spaces (M,tp) and (M^(^t),^) are 
isomorphic, via the *-isomorphism M 3 y i— ► (vnyvji)f - =1 G M^(.4), which sends i to B 
and spanjtijj | 1 < i, j < d} onto M d (CI). 

It thus remains that we prove the Theorem 1.2. We will in fact prove more, namely: 

4.1 Proposition. Let (.A, ip) be a IF*-probability space, with <p faithful trace, and let 
6 C i be a unital IF*-subalgebra. Let d be a positive integer; consider the VF*-probability 
space (M d (A),p d ) (defined as in Notations 2.1.2°), and the IF*-subalgebra M d (B) C M d (A). 

1° For every ,4 = (cnj)f j=l £ M d (A), we have: 

<&*( {oij, : B ) = d 3 cD*( {A, A*} : M d (B) ). (4.2) 

2° For every G = (gij)f J=1 € M d (A) such that G = G* , we have: 

**( {^}i<ij<d = B ) = d 3 $*( G : M d (B) ). (4.3) 

The name of the selfadjoint matrix appearing in 4.1.2° was changed to G (from B, as 
was in Theorem 1.2) in order to avoid any confusion with the elements of M d (B). Note that 
if in Proposition 4.1 we take B = CI, then the Equations (4.2) and (4.3) become: 

4>*( K,a£}i< i>3 -< d ) = d 3 $*( {A, A*} : M d (CI) ), (4.4) 

and respectively 

**( {0y}i<ij<d ) = G : M d (C7) ). (4.5) 

The statements of Theorem 1.2 follow immediately from these relations. Indeed, for 1.2.1° 
we only have to use (4.4) and the fact (reviewed in Remark 2.6) that <!>*( {A, A*} : 
M d (CI) ) > with equality when {A, A*} is free from M d (CI); and similarly 

for 1.2.2°. 

Proof of Proposition 4.1. The proofs of 4.1.1° and 4.1.2° are similar to each other 
(and also similar to the proof of Proposition 3.6 from the previous section). For this reason, 
we will only do 4.1.1°, and leave 4.1.2° as an exercise to the reader. 

In 4.1.1° we first consider the situation when $*( {o>ij,ct*j}i<ij<d '■ B ) < oo. In this 
case, the family {a^-, a*j}i<ij<d has a conjugate system {^ij, ^*j}i<i,j<d with respect to B. 
Let us define: 

X := ^(£ji)f,j=i G L 2 (M d (A),<p d ) (4.6) 

(where the identification discussed in 2.1.3° is used). We will show that {X, X*} is a 
conjugate system for {A, A*}, with respect to M d (B). This will entail (4.2) (under the 
hypothesis <J>*( {a^, a*j}i<i,j<(2 ) < oo), because it will give: 

**({A,A*} :M d (B)) = imi! 2( ^) + ||**|li 2( ^) 
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(2_3) 1 * 1 2 1 2 

l d l 

= ^3 ( ll&jllia^) + HCjllia^) ) = ^3^*( i a U ' a ij}l<hj<d )■ 
The conjugate relations which we need to verify are: 

^(XB ^ 1 Si---^ nJ B n ) = (4.7) 

n 

Y ■ fd( B oAi ■ ■ ■ A m -i B m-i) ■ <Pd{B m A im+1 ■ ■ ■ A in B n ), 

m=l 

for n > 1, Bq,B\, . . . ,B n G M d (B) and i\,%2, . . . ,i n G {1)2}, where we denoted Ai := 
A, ^4 2 : = ^4*- The list of conjugate relations for {^4, ^4*} with respect to M d {B) also contains: 

i Pd {X*B A il B 1 ---A in B n ) = (4.8) 

n 

5 im,2 ■ <Pd( B oA h ■ ■ ■ A im _ x B m _ x ) ■ (p d (B m A im+1 ■ ■ ■ A in B n ), 

m=l 

(for n> 1, B ,B 1 ,...,B n G M d (B), G {1,2}), and 

<p d {XB) = MX*B) = 0, \/B G M d (B). (4.9) 

But however, (4.8) readily follows from (4.7) by taking an adjoint and then doing a circular 
permutation under ip d ; while (4.9) is a direct consequence of the equations <p(£ijb) = 0, 
1 < i, j < d, b £ B, which appear on the list of conjugate relations satisfied by the family 
£tj}i<i,j<d- (Hence indeed, only (4.7) needs to be checked.) 
For every 1 < k, I < d and every b G B let us denote by V k i <8> b the matrix in M d (B) 
which has its (k, Z)-entry equal to b, and all its other entries equal to 0. By multilinearity 
we can assume in (4.7) that B = Vk Q i ®b ,...,B n = Vk n i n <8> b n for some ko, lo, ■ ■ ■ , k n ,l n G 
{1, . . . , d} and bo, . . . , b n G B. The left-hand side of (4.7) is then equal to: 

M (V Un I)X(V kolo b )A h (V klh ® 6i) ■ ■ ■ A in (V knln ® b n ) ) 

= ( X )'nfe0 & 0(Al)« fel & l • • • ( A in)l n -lkn b n ) 

= 22<f( ZkoinboiAJiohA ■ ■ ■ {A in ) ln _ lkn b n ), (4.10) 

where ! '(^4u)i fci" stands for the (Zo, fei)-entry of the matrix A; lx , etc (same conventions 
of notation as in Section 3). By using the conjugate relations satisfied by the family 
{€iji€ijh<i,j<d, w e can continue (4.10) with: 

1 n 

= 22 S im,lh ,l m -l S ln,k m ■ <f{ boiAlhok! " " " (A m -1 )/ m - 2 fcm-l b ™-l )" (4-11) 

m=l 

■ip( b m (A 

• • (^i„)/„_ifc„&n )• 
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It is straightforward to observe that the summation which appeared in (4.11) is equal to 
the right-hand side of (4.7). 

In order to complete the verification that {X, X*} is the conjugate of {^4,^4*} with 
respect to M d (B), we must also show that: 

X €Alg({A,A*}UM d (B)) M2 . (4.12) 

For every 1 < i, j < d let us denote by Ay G M d (A) and respectively by X{j G L 2 (M d (A), tp d ) 
the matrix which has ajj (respectively ^) on its (l,l)-entry, and O's on all the other entries. 
Then: 

Aij = (V li ®I)A(V jl ®I)€Alg({A,A*}UM d (B)), VI < i,j < d. 

Among the properties satisfied by Qj}i<i,j<d (as conjugate for {a^, a^li^xd), we 
also have that: 

Zki eAlgdai^a^i^dUBf 112 , VI < M < <*■ 

Consequently, by forming polynomials with matrices of the form Aij,A*j and Vu®b [b G B), 
and then by taking || • | ^-limits, we obtain that every X k i (1 < k, I < d) belongs to the 
|| • ||2-closed space indicated in (4.12). This space is invariant under the left/right action of 
elements from Md(B), hence we can conclude that it also contains 

1 d 

X = 1 E (Vn®I)X kl {V lk ®I), 
a k,l=i 

as desired. 

Equation (4.2) is now proved in the case when 3>*( {a^, a*j}i<i,j<d ■ B) < oo. It remains 
to show that <£*( {aij,a*j}i<i,j<d '■ & ) = 00 <S>*({A,A*} : M d (B)) = oo; or equivalently, 
that $*({A,A*} :M d (B))<'oo^$*({a ij ,a* j } 1 < iij < d :B)<oo. 

If $*({A,A*} : M d {B)) < oo, then there exists X G L 2 (M d (A), <p d ) such that {X,X*} 
fulfills the conjugate relations for {^4, A*}, with respect to M d (B). We write X as a d x d- 
matrix (as in 2.1.3°): 

X = (THj)ij=i, wi t h Vij G £ 2 (A ¥>), 1 < *,j < d; 

and we set £y := cZr/jj, 1 < z, j < d. We claim that {£,ij,£,*j}i<i,j<d fulfills the conjugate 
relations for {a^-, a*j}i<ij<d> with respect to £>. Since the calculation verifying this claim 
is very similar in spirit with the one which concluded the proof of Proposition 3.6, we will 
only mention its guiding line, and leave the details to the reader. The generic relation that 
needs to be proved is of the form: 

n 

¥>( 6^o(Ai)fci*i&i ■■■(Ai 

) = J2 *<m,l*fc,*™*i,Jm- ( 4 - 13 ) 
m=l 

tp( 6o(Ai)fcih • • • (A m _i)fc m _i« m _i6m-i ) • <p( b m (A im ) km i m ■ ■ ■ (A in ) kn i n b n ), 

for n > 1, bo, . . . ,b n G /3, i\,...,i n G {1,2}, k\,l\, . . . ,k n ,l n G {l,...,d}. The line for 
establishing (4.13) goes by writing its left-hand side as 

d 2 cp d ( X{V kM ® 6 )A 1 (^ 1 ,fe 2 6i)^ 2 (V/ 2jfc3 ® 62) • ■ ■ A n (Vi n ,i ®bn)); (4.14) 
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then by using in (4.14) the conjugate relations fulfilled by {X, X*}; and finally by evaluating 
(in a straightforward way) the terms of the summation which is obtained in this manner. 

But if {£,ij,£,*j}i<i,j<d fulfills the conjugate relations for {a^-, a*j}i<i,j<di with respect to 
£>, then it follows that <&*( {(%•, a*j\\<i,j<d ■ B ) < oo, and this concludes the proof. 
QED 

By using the Theorem 1.2, we can now easily prove the generalization of our minimiza- 
tion result for which was stated in Theorem 1.3. 

Proof of Theorem 1.3. Let us fix a probability measure v with compact support on 
[0,oo), and a positive integer d. We denote the symmetric square root of v (defined as in 
3.1) by fi. 

Let (A, if) be a VF*-probability space, with tp faithful trace, and let {aij}i<jj<d be 
elements of A such that if we set A := (dij)f - =1 , then A* A has distribution v in (M d (A), ipd)- 
Then: 

$*(A,A*) > 2$*(/i) (4.15) 
(by Theorem 1.1); if we combine this with the inequality (1.4) of Theorem 1.2, we get: 

$*( KXj}i<M<«i ) > 2d 3 $*(^). (4.16) 

A discussion similar to the one preceding Proposition 4.1 shows that (in the context where 
v and d are prescribed) we can pick the family {aij}i<ij<d such that in addition to the 
condition that the distribution of A* A be we also have: 

(i) A is i?-diagonal in Md{A); and 

(ii) {A, A*} is free from the algebra of scalar matrices M d {CI) C M d (A). 

The condition (i) implies that (4.15) holds with equality, while (ii) implies equality in 
(1.4) of Theorem 1.2; hence (i)+(ii) ensure that the lower bound 2d 3 $*(//) of (4.16) is 
actually attained. QED 

In the case when <3?*(^) < oo, it would be interesting to know if the conditions (i) and (ii) 
mentioned in the proof of Theorem 1.3 are also necessary for (4.16) to hold with equality. 
Deciding on this fact would amount to solving the Problem 3.11 (which corresponds to the 
particular case d = 1), and another problem of the same nature - whether the equality 
$*({A,A*} : M d (CI)) = $*(A,A*) < oo must imply the freeness of {A, A*} and M d (CI). 



5. The corresponding maximization problems for the free entropy x* 

In this section we will consider the concept of free entropy x* \ defined in || in terms of 
the free information We will treat the questions of maximizing under constraints 
similar to those discussed in the previous sections. The results concerning x* wm follow 
from the corresponding results for the free Fisher information. 

Let (A, (p) be a W*-probability space with ip a faithful trace, and consider a selfadjoint 
family of elements of A which is given in the form: {<Zj, a*}i<i< m U {bj}i<j< n , where bj = b*- 



24 



for 1 < j < n. By enlarging (.4, 9?) if necessary, we can assume there exist circular elements 
ci, . . . , c m G A and semicircular elements S\, . . . , s n G .A such that {ci, c|}, . . . , {c m , c^}, 
{si},... ,{s n },{ai } are free. We will assume in addition that 

ci,...,c m and si,...,s n are normalized by their variance (i.e. ip(c*Ci) = 1 = p(sj), for 
every 1 < i < m, 1 < j < n). Then the free entropy x*( {ai,a*}i<i<m U {^}i<j<n ) G 
[— 00, 00) is defined by the formula 

2 j yi — j- ^ 

X*({<k,a>ih<i<mU{bj}i<j<n) = 5 log(27re)+ (5.1) 

+ / ( 1 , : ~ K + V^tCi.oJ + /fcf}i<i<ra U i 6 i + ^ s i}l<i<n ) )dt. 

I Jo v J- + i 7 
The integral on the right-hand side of (5.1) makes sense, and takes indeed value in [-co, 00) 

- see Corollary 6.14, Proposition 7.2 in ||]. (In order to apply literally the estimates from |J, 
one first replaces every pair {cj, dj} with the pair of selfadjoints {(cj+dj)/y/2, (cj—Cj)/iy/2} 

- this does not affect the integrand on the right-hand side of (5.1).) Moreover, the value 
of the integral in (5.1) does not depend on the choice of c\, . . . , c m , s\, . . . , s n ; in fact it is 
easy to see that x*( { a i, a i}i<i<m U {bj}i<j< n ) depends only on the joint distribution of 

{ai , , • • • , dm) Oi m , b\ , . . . , b n 

If /i is a probability measure with compact support on R, then we will denote (similarly 
to how we did with <£* in Notation 2.9): 

X *( M ) := x *(x), (5.2) 

where x is an arbitrary selfadjoint random variable with distribution [i. Similarly to the 
situation for $*, there exists an explicit integral formula for x*(m)> namely: 

X*( M ) = J I log I s-t I d^(s)d^t) + - A + (5.3) 

(O, Proposition 4.5, combined with ||], Proposition 7.6). 

We now start towards the proofs of Theorems 1.4 and 1.5. Following the same line 
which we used for $*, we will first do the Theorem 1.4 in the case d = 1. We will use the 
following freeness result. 

5.1 Proposition. Let (A,<p) be a 14^-probability space, with 99 faithful trace. Let a, c 
be in A, and assume that c can be factored as c = up, where u G A is a unitary with Haar 
distribution, p = p* G *4 has a symmetric distribution, and {u,u*} is free from {p}. (In 
other words, we assume that c is -R-diagonal.) If {a, a*} is free from {c, c*} in (.4, 99), then 
the selfadjoint matrices: 





a = ;* : \, s = ;* „ (5.4) 



are free in (M2 (.4.) , 922 ) • 
Proof. We denote: 



A? := {u,u*} U {p k - ip(p k )I \k>l}. 
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A word made with letters from the alphabet X will be called "alternating" if no two con- 
secutive letters of the word are both from {u,u*} or both from {p k — tp(p k )I \ k > 1}; the 
set of such alternating words will be denoted by X* u Note that X* lt C Ker(<^); this follows 
(by using the definition of freeness) from the facts that X C Ker(<p) and that {u, u*} is free 
from {p}. 

Let us consider on the other hand the set: 

y = yu U 3^12 U 3% U 3^22, 

where: 

y u = {(aa*) k - V ((aa*) k )I) \k>l}, 
y 12 = {a(a*a) k \k>0}, y 2 i = {a*(aa*) k \k>0}, 
y 22 = {(a*a) k -<p((a*a) k )I) \ k > 1}. 
We will look at words of the form 

w = (yi - Xil)x 1 (y 2 - X 2 I)x 2 ■ • • (y n - X n I)x n , (5.5) 

where n > 1, yi, . . . , y n G y, X\, . . . , X n G C, xi,...,x n G A?*^, and where the following 
rules are obeyed: 

if ym € 3^11 U 3^21 (1 < m < n), then x m begins with u; 
if 2/m S 3^12 U 3^22 (1 < m < n), then x m begins with & p k - (f(p k )I; 
' if ym G 3^ii U 3^12 (2 < m < ra), then x m _i ends with u*; (5-6) 

if 2/m G 3^21 U 3^22 (2 < m < n), then x m _i ends with & p k — ip(p k )I; 
k if ym £ 3 ; n U 3 ; 22 (1 < m < n), then A m = 0. 

We will prove the following: 

Claim: If w satisfies (5.6), then ip(w) = 0. (5.7) 

The proof of the Claim (5.7) will be done by induction on the number n of Xj's and y^s 
entering the word w. For n = 1, we have: 

ip(w) = ip( (yi - \i)xi ) 

= f(yi — Xi)f(xi) (because {a, a*} free from {c, c*}) 

= (because ip(xi) = 0). 

Let us next assume the Claim (5.7) is true for n — 1, and prove it for n. We first show 
that: 

<p{ (yi - X 1 I)x 1 (y 2 - X 2 I)x 2 ■ ■ ■ (y n - X n I)x n ) = (5.8) 

</>( (Vi - Ai-Z>i(y2 - X' 2 I)x 2 ■■■(y n - X' n I)x n ), 

for every yi,...,y n G y, Ai, . . . , A n , A' l5 . . . , A^ G C, xi, . . . , x„ G A?*^ such that the rules 
(5.6) are satisfied. Clearly, it suffices to verify (5.8) in the situation when (Ai, . . . , A n ) differs 
from (X'i, . . . , X' n ) on only one position k, 1 < k < n. For that k we must have yk G 3 ; i2 l ~ l 3 ; 2i 
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(otherwise A& and A^ are both set to in (5.6)). But in such a case the difference of the 
two sides of (5.8) equals 

(\' k -\ k )ip( (y 1 -X 1 I)x 1 • • • (y k - 1 -X k - 1 I)x k - 1 x k (y k+1 -X k+1 I)x k+1 • • • (y n -X n I)x n ); (5.9) 

and the quantity in (5.9) is indeed equal to 0, due to the induction hypothesis. (The main 
point, in order to apply the induction hypothesis, is to note that in both the possible cases 
~ Uk £ 3^12, Vk £ 3^21 _ we will have Xk-\Xk G X* lt ; this happens because of the four 
"concatenation" rules stated in (5.6).) 

Now, it is immediate that for every word w = (yi — Xil)xi(y2 — X2l)x2 • • • (y n — X n I)x n 
as in (5.5), we can find some new scalars A^, . . . , A^ G C such that w' = (y\ — X' l I)x\(y2 — 
A'2-0^2 • • • (Un — X' n I)x n still satisfies the rules (5.6), and such that in addition: 

¥>(yi-AiJ) = ••• = <p(y n -X'J) = 0. (5.10) 

Indeed, if 1 < m < n is such that y m G 3^12 U 3^21, we can take X' m = (p(y m ); while if 
1 < m < n is such that y m G J^n U 3^22 5 then the last rule (5.6) imposes X' m = = X m - 
but in this case we also get (p(y m ) = from the definitions of 3^11,3^22- The new word w' 
satisfies <p(w') = 0; indeed, besides (5.10) we also have ip(xi) = ■ ■ ■ = ip(x n ) = (because 
x\, . . . ,x n G X*u), and we only need to apply the definition of freeness. Since (5.8) gives 
us that f(w) = <p(w'), it follows that ip(w) = 0, and this concludes the proof of the Claim 
(5.7). 

Let us finally look at the matrices A, S defined in (5.4). In order to verify their freeness, 
it suffices to check that (f2(W) = for every word: 

W = ( y A k i-<p2{A k ')l2)(s h -V2{S h )h)--\A k "-v2(A k ^ (5.11) 

with n, ki, h, . . . , k n , l n > 1. A straightforward calculation shows that both diagonal entries 
of W in (5.11) are words of the type considered in (5.5)-(5.6). Hence the diagonal entries of 
W are in Ker(c^), by the Claim (5.7) - and consequently W G Ker(<^2), as desired. QED 

5.2 Proposition (the case d = 1 of Theorem 1.4). Let v be a probability measure with 
compact support on [0, oo), and let fj, be the symmetric square root of v (defined as in 3.1). 
Let (A, ip) be a W^-probability space, with (p faithful trace, and let a G A be such that a* a 
has distribution v. Then: 

X*(a,a*) <2 X ». (5.12) 
Moreover, (5.12) holds with equality if a is i?-diagonal. 

Proof. We may assume without loss of generality that there exists a circular element 
c G A, of variance 1, such that {c, c*} is free from {a, a*}. Then, by (5.1): 

1 f' 00 / 2 \ 
X*(a,a*) = - J (___$*(a + Vtc,(a + V*c)*))dt + log(27re). (5.13) 

Consider on the other hand the space (M2(A),if2) of 2 x 2-matrices over (A, ip), and 
the selfadjoint matrices A, S G M2{A) defined exactly as in Equation (5.4) of Proposition 
5.1. Then A has distribution n (by Remark 3.5), and is free from S (by Proposition 5.1). 
From the form of S it is immediate that 

<p 2 (S 2n ) = <p{(c*c) n ), p 2 (S 2n+1 ) = 0, Vn>0. 
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It is known that c*c has the same distribution as the square of a semicircular element (see 
||, Section 5.1); this implies that S is semicircular of variance 1. 

Now, since S is a normalized semicircular free from A, we can write: 

1 roo ,1 . 1 

X » = X*(^) = 2^ (— t -$*(A + V~tS))dt + -log(27re). (5.14) 
But for every t > 0: 

+ = 

hence (again by Remark 3.5) the distribution of A + is the symmetric square root of 
the distribution of (a + \/tc)*(a + \/tc). When applied to this situation, the Theorem 1.1 
gives us that: 

<5>*(a + Vic,{a + Vicy) > 2$* (A + VtS), Vt > 0. (5.15) 

The inequality (5.12) is obtained by replacing (5.15) in (5.13), and by comparing the result 
with (5.14). 

If a is i?-diagonal, then so is a + Vic for every t > 0. Indeed, vie is also i?-diagonal, 
and the sum of two free i?-diagonal elements is still ii-diagonal (this follows for instance 
right away from the characterization of -R-diagonality in terms of the /^-transform - see 
[U). But then the Theorem 1.1 implies that (5.15) holds with equality for every t > 0; and 
consequently, when we replace (5.15) in (5.13) and compare with (5.14), we obtain that 
(5.12) holds with equality too. QED 

We now move to the proof of Theorem 1.5. We will use a known freeness result, stated 
as follows. 



5.3 Proposition. Let (A, p>) be a W'-probability space, with ip faithful trace, let 
B C A be a unital II / *-subalgebra, and let d be a positive integer. 

1° Let {cij}i<ij<d be a family of elements of A such that every Cy is circular of 
variance 1, and such that {en, c*i}, {012, c* 2 }, • • • , {c-m-, c *dd\-i & are free. Then the matrix 
C = ( 

c ij)f,j=i ^ S a circular element of variance d in M^A), and {C, C*} is free from M^B). 

2° Let {sij}i<ij<d be a family of elements of A such that: s*j = Sji, for every 1 < i, j < d; 
sa is semicircular of variance 1 for every 1 < i < d; Sy is circular of variance 1 for every 
1 < i < j < d; and {%},...,{%}, {s 12 , sl 2 }, . . . , {s d ^i :d s* d _ ld },B are free. Then the 
selfadjoint matrix S = {sij)fj = i is a semicircular element of variance d in Md(A), and is 
free from M^B). 

For the fact that C of 5.3.1° is circular and that S of 5.3.2° is semicircular, see ||, Section 
5.1; for the additional assertions concerning the freeness from Md(B), see Q. For the sake 
of completeness, we indicate a way of proving Proposition 5.3 which, quite amusingly, comes 
out directly from the considerations of the preceding section. We have: 

5.4 Lemma. Let (A, ip) be a W'-probability space, with ip faithful trace. Let {sj}i<j<jt 
be a family of selfadjoint elements of ^4, and let B C A be a unital W*-subalgebra. Assume 
that {si}i<i<k is its own conjugate with respect to B. Then every Sj (1 < i < k) is 
semicircular of variance 1, and {si}, . . . , {sfc}, B are free. 
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Proof of Lemma 5.4. This is an immediate consequence of the free Cramer-Rao 
inequality, as stated in ||], Proposition 6.9. The line of the argument goes as follows. By 
enlarging (A,ip) if necessary, we can assume that there also exists in A a family {s'j}i<i<k 
of semicircular elements of variance 1, such that {s^}, . . . , {s' k }, B are free. Then {s'j}i<i<k 
is its own conjugate with respect to B, by Propositions 3.8 and 3.6 of M. The hypothesis 
that {si}i<i<k is its own conjugate with respect to B amounts to the fact that 

n 

cp(sibo3 h bi • • • s in b n ) = fyimVibaSh ■ ■ ■ Si m -ib m -i) ■ y{b m s im+1 ■ ■ • s ir b n ) 

m=l 

n 

= S i,i m i p( s ii b l--- s i m -ii. b m--lbo)) ' <f(s im+1 b m+1 ■ ■ ■ s in (b n b m yj , (5.16) 

m=l 

for every n > 0, bo, . . . , b n £ B, 1 < i, i x , . . . , i n < k. Since {s^}i<i<fc also has the property 
of being its own conjugate with respect to £>, (5.16) remains true when we replace Sj by s[ 
and Sjj by s[ , . . . , Si n by s':. But then an induction argument immediately gives that: 

ifisibos^h ■■ -9 in b n ) = (p{s%s' h bi - ■ ■ s' in b n ), (5.17) 

for every n > 0, bo, . . . , b n G B, 1 < i, i\, . . . , i n < k. Finally, from (5.17) and the fact that 
s'i, . . . s' k are normalized semicirculars, with {s'x}, . . . , {s' k }, B free, it follows that s\, . . . , Sk 
also have these properties. QED 

Proof of Proposition 5.3. The proofs of 1° and 2° are similar; we will show 1°, and 
leave 2° as an exercise to the reader. 

By working with the real and imaginary parts of the elements Cjj , and by using Proposi- 
tions 3.8 and 3.6 of ||, one obtains that the conjugate of {c^-, Cy}i<i,j<d with respect to B is 
fej' £i*j}i<«,j<d; with £ij := c*j, 1 < i,j < d. The Proposition 4.1 from the preceding section 
(or rather its proof) applies to this situation, and gives that {X, X*} is the conjugate of 
{C,C*} with respect to Ma(B), where: 

X := ife)?,., = \C-. (5.18) 

From (5.18) it is immediate that if we set S x = (C + C*)/V2d, S 2 = (C - C*)/iy/2d, then 
{Si, S2} is its own conjugate with respect to Ma(B). But then we can use the Lemma 5.4 
to infer that Si, £2 are semicirculars of variance 1 in Md(A), such that {S x } , {S2} , Md(B) 
are free. This in turn implies that C = yJd/2(Si + 1S2) is circular of variance 0?, and free 
from M d {B). QED 

Proof of Theorem 1.5. The proofs of 1.5.1° and 1.5.2° are similar; in order to offer 
the reader a variation, we will this time show 2°, and leave 1° as an exercise. 

The selfadjoint family {&ij}i<i j<d appearing on the left-hand side of (1.10) is to be 
looked at as {bjj> &ij}l<i<j<d U {ba}i<i<d', thus (5.1) applies with m = d{d — l)/2, n = d, 
and yields the formula: 

1 f 00 / d? \ d 2 

X*( {bij}i<i,j<d ) = 5 y \T+t ~ {hi + ^ Si ^<id<d ))dt+— log(2vre), (5.19) 
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where the family {%}i<i,j<d of elements of A has the following properties: s*j = Sj{, for 
every 1 < i, j < d; sa is semicircular of variance 1 for every 1 < % < d; Sij is circular of vari- 
ance 1 for every 1 < i < j < d; and the sets {s u }, . . . , {s dd }, {s 12 , 4 2 }, . . . , {sd-i,dS d _ l d }, 
{hj | 1 < i 3 j < rf} are free. 

If we denote S := (sij)f =1 G M^(.4), then d~ l / 2 S is semicircular of variance 1, free 
from -B in (Md(«4), (by Proposition 5.3.2°, where the choice of VF*-subalgebra B Q A. is 
made to be £> := W*({7} U {^y}i<i,j<d) )• We can therefore use d~ l l 2 S in the calculation 
of the free entropy %*(£?); it is in fact more convenient to write the formula for x*{d^ 1 ^ 2 B): 




(5.20) 



The scaling formulas for $* and x* are 

d>*(Ax) = \~ 2 <S>*(x), X *(Ax) = X *(x) + log(A) 

(for A > and x a selfadjoint random variable - see ||, Sections 6.2(b) and 7.8). Thus 
(5.20) can also be written in the form: 

X *(B)- 1 ^ = y™(-±--d$*(B + ViS))dt + ±log(2«e). (5.21) 
Now, for every t > 0, the Theorem 1.2.2° gives us: 

**({&ti + vfoij}i<ij<d) > d 3 $*(B + ViS). (5.22) 

If we replace (5.22) into (5.19), and compare the result with (5.21), then (1.10) of Theorem 
1.5 is obtained. 

If B is free from the algebra of scalar matrices M d (CI) C M d {A), then the same is true 
for B + \/tS, for every t > 0; this is because (as implied by Proposition 5.3.2°) S is free 
from Md(W*({bij}i<i i j< ( i)), which in turn implies that {B, S} is free from Md(CI). But in 
this situation, the Theorem 1.2.2° implies that (5.22) holds with equality, for every t > 0; 
and the same argument used in the preceding paragraph shows now that (1.10) holds with 
equality, too. QED 

Proof of Theorem 1.4. This follows from Proposition 5.2 and Theorem 1.5.1°, exactly 
as in the same way as Theorem 1.3 was obtained from 1.1 and 1.2.1° at the end of Section 
4. QED 
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